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In this paper, the plane elasticity problem for a crack in a functionally graded strip with material properties varying
arbitrarily is studied. The governing equation in terms of Airy stress function is formulated and exact solutions are
obtained for several special variations of material properties in Fourier transformation domain. A multi-layered model
is employed to model arbitrary variations of material properties based on two linear-distributed material softness param-
eters. The mixed boundary problem is reduced to a system of singular integral equations that are solved numerically. Com-
parisons with other two existing multi-layered models have been made. Some numerical examples are given to demonstrate
the accuracy, eﬃciency and versatility of the model. Numerical results show that fracture toughness of materials can be
greatly improved by graded variation of elastic modulus and the inﬂuence of the speciﬁc form of elastic modulus on
the fracture behavior of FGM is limited.
 2007 Elsevier Ltd. All rights reserved.
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transformation1. Introduction
The concept of functionally graded materials (FGMs) has been introduced in material design for many
application ﬁelds to eliminate stress concentrations, relax residual stresses, and enhance bonding strength.
In designing components involving FGMs, it is important to consider imperfections, such as cracks, which
are often pre-existed or generated by external loads during service. Due to the lack of symmetry in the material
properties the fracture mode of an embedded crack in FGMs is inherently mixed.
Signiﬁcant eﬀorts have been devoted to the study of fracture behavior of FGMs. Eischen (1987) and Jin and
Noda (1994) aﬃrmed that the leading term of the crack-tip stress ﬁeld is of the inverse square-root singularity
for FGMs with any form of elastic modulus variation and accordingly, stress intensity factors (SIFs) can still0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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sity factors under diﬀerent material properties and crack conﬁgurations. However, due to mathematical dif-
ﬁculties arising from the continuously varying material properties, the stress intensity factors that can be
analytically obtained are rather limited. Most of the available works assumed the elastic modulus varying
in an exponential form from which the governing diﬀerential equations were reduced to those with constant
coeﬃcients and exact solutions could be easily found (see, e.g., Delale and Erdogan, 1983, 1988; Erdogan
et al., 1991; Erdogan and Ozturk, 1992; Shbeeb and Binienda, 1999; Shbeeb et al., 2000; Meguid et al.,
2002; Jin and Zhong, 2002; Chen et al., 2004; Zhou et al., 2005; Feng and Su, 2006). As for other variations
of elastic moduli, the governing diﬀerential equations for FGMs are of variable coeﬃcients and exact solutions
are diﬃcult to obtain (Gerasoulis and Srivastav, 1980; Craster and Atkinson, 1994).
In order to model arbitrarily varying material properties of functionally graded materials, two kinds of
multi-layered models have been proposed. The ﬁrst model is referred to as piecewise multi-layered model
(abbreviated as PWML model) which divides the FGM into many sub-layers with piecewise constant material
properties in the gradient direction (Itou, 2001; Wang et al., 2002). However, this model induces the discon-
tinuity of material properties at the interfaces of sub-layers which would yield some physically unacceptable
phenomena. The second model is called linearly multi-layered model (abbreviated as LML model) in which
the FGM is divided into multiple layers with elastic modulus varying linearly in each sub-layers and contin-
uous at the interfaces of neighboring sub-layers (Wang and Gross, 2000, 2004; Wang et al., 2003, 2004; Huang
et al., 2003, 2005). This model allows for arbitrary variation of material properties without discontinuities.
Unfortunately, previous works based on LML model can only deal with plane stress problem if both shear
modulus l and Poisson’s ratio m are arbitrary functions of y (Wang et al., 2004; Huang et al., 2005).
In the present paper we reformulate the plane elastic problem of FGMs and obtain the governing equation
in terms of Airy stress function. Exact solutions for the governing equation are obtained for several special
variations of material elastic properties in Fourier transformation domain. A multi-layered model is employed
for the analysis of the crack problems in FGMs, which models arbitrary variations of material properties
based on two linear-distributed material softness parameters. The present model can treat not only plane stress
problem but also plane strain problem. In Section 2, basic equations and Fourier transformation are pre-
sented; In Section 3, the multi-layered model is described; In Section 4, numerical results of some examples
are given and discussion is made; ﬁnally in Section 5, concluding remarks are given.2. Basic equations and Fourier transformation
Under plane deformation, the constitutive equations of FGMs can be written asexx ¼ arxx  bryy
eyy ¼ aryy  brxx
cxy ¼ 2ðaþ bÞrxy
ð1Þwhere a and b are related to Young’s modulus E, shear modulus l and Possion’s ratio m, as follows:a ¼
1
E ¼ 12lð1þmÞ for plane stress
1m2
E ¼ 1m2l for plane strain
(
b ¼
m
E ¼ m2lð1þmÞ for plane stress
mð1þmÞ
E ¼ m2l for plane strain
(
ð2ÞNote that the material elastic softness parameters of a functionally graded material, a and b, are functions of
coordinates and in the present study, they are assumed to be functions of coordinate y, i.e., a = a(y), b = b(y).
The governing equation in terms of Airy stress function F is written asr2r2F þ 2
a
da
dy
o
oy
ðr2F Þ þ 1
a
d2a
dy2
o2F
oy2
 1
a
o2b
oy2
o2F
ox2
¼ 0 ð3Þwhere r2 ¼ o2ox2 þ o
2
oy2 is two-dimensional Laplace operator.
Applying Fourier transformation with respect to x, Eq. (3) is transformed to
Z. Zhong, Z. Cheng / International Journal of Solids and Structures 45 (2008) 3711–3725 3713d4eF
dy4
þ 2
a
da
dy
d3eF
dy3
þ 1
a
d2a
dy2
 2s2
 
d2eF
dy2
 2
a
da
dy
s2
deF
dy
þ 1
a
d2b
dy2
þ s2
 
s2eF ¼ 0 ð4Þ
where eF ¼ eF ðs; yÞ ¼ Rþ11 F ðx; yÞeisx dx is the Fourier transform of the Airy stress function. The general solu-
tion of Eq. (4) is written aseF ¼ A1ðsÞf1ðs; yÞ þ A2ðsÞf2ðs; yÞ þ A3ðsÞf3ðs; yÞ þ A4ðsÞf4ðs; yÞ ð5Þ
where f1(s,y), f2(s,y), f3(s,y), f4(s,y) are four independent particular solutions, A1(s), A2(s), A3(s), A4(s) are un-
known functions of s to be determined.
The four independent particular solutions of Eq. (4) are not easy to ﬁnd for arbitrary functions a(y) and
b(y). Here we present solutions for some special cases:
(1) aðyÞ ¼ a and bðyÞ ¼ bð1þ b yhÞ
When a(y) is a constant and b(y) is a linear function of y, i.e., aðyÞ ¼ a and bðyÞ ¼ bð1þ b yhÞ, where a; b
and b are constants, Eq. (3) is reduced tod4eF
dy4
 2s2 d
2eF
dy2
þ s4eF ¼ 0 ð6Þ
whose solution is given by (5) withf1ðs; yÞ ¼ expðjsjyÞ f 2ðs; yÞ ¼ expðjsjyÞ
f3ðs; yÞ ¼ y expðjsjyÞ f 3ðs; yÞ ¼ y expðjsjyÞ
ð7ÞIt is noted that when b = 0 the above solution degenerates to that for a homogeneous material.
(2) aðyÞ ¼ a expðc yhÞ and bðyÞ ¼ b expðc yhÞ, (c5 0)
When a(y) and b(y) are exponential functions of y, i.e., aðyÞ ¼ a expðc yhÞ and bðyÞ ¼ b expðc yhÞ,
(c5 0), where a; b and c are constants, Eq. (3) is reduced tod4eF
dy4
 2c
h
d3eF
dy3
þ c
h
 2
 2s2
 
d2eF
dy2
þ 2c
h
s2
deF
dy
þ s2 þ
b
a
c
h
 2 
s2eF ¼ 0 ð8Þwhose solution is given by (5) withfiðs; yÞ ¼ exp ki yh
 
ði ¼ 1; 2; 3; 4Þ ð9Þwhere ki (i = 1,2,3,4) are distinct roots of the following algebraic equationk
h
 4
 2c
h
k
h
 3
þ c
h
 2
 2s2
 
k
h
 2
þ 2c
h
s2
k
h
 
þ s2 þ
b
a
c
h
 2 
s2 ¼ 0 ð10ÞThe exponential model has been extensively employed in studying the crack problems of FGMs (see, e.g., Del-
ale and Erdogan, 1983, 1988; Erdogan et al., 1991; Erdogan and Ozturk, 1992; Shbeeb and Binienda, 1999;
Shbeeb et al., 2000; Meguid et al., 2002; Jin and Zhong, 2002; Chen et al., 2004; Zhou et al., 2005; Feng
and Su, 2006).
(3) aðyÞ ¼ að1þ a yhÞ ða 6¼ 0Þ and bðyÞ ¼ bð1þ b yhÞ
When a(y) and b(y) are linear functions of y, i.e., aðyÞ ¼ að1þ a yhÞða 6¼ 0Þ and bðyÞ ¼ bð1þ b yhÞ, where
a; b and a, b are constants, Eq. (3) is reduced tod4eF
dy4
þ 2a
hþ ay
d3eF
dy3
 2s2 d
2eF
dy2
 2a
hþ ay s
2 deF
dy
þ s4eF ¼ 0 ð11Þ
whose solution is given by (5) with
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f3ðs; yÞ ¼ expðtÞEið2tÞ  expðtÞ lnðtÞ
f4ðs; yÞ ¼ expðtÞEið2tÞ  expðtÞ lnðtÞ
ð12Þwhere t ¼ jsjðy þ haÞ, EiðtÞ ¼ 
R1
t
e1
1 d1 ¼
R t
1
e1
1 d1 is the exponential integration function. The detail deriva-
tion of the general solutions of Eq. (11) is given in Appendix.
The above solution has not been obtained before and can be used as a basis for modeling FGMs with arbi-
trary material properties. This will be described in the next section.3. Multi-layered model
Consider a FGM strip that is inﬁnite along x-axis and has a ﬁnite thickness h. The strip contains a through
crack of length 2c that is parallel to the edges of the strip, as shown in Fig. 1. It is assumed that material
parameters a(y) and b(y) are arbitrary functions of y and hence the general solution of (4) is diﬃcult to be
obtained analytically. In order to simulate the arbitrary variations of a(y) and b(y), a multi-layered model
can be employed. This multi-layered model is based on the fact that an arbitrary curve can be approximated
by a series of continuous but piecewise linear curves (Wang and Gross, 2000). The FGM strip is divided into L
sub-layers with the crack on the Kth sub-interface (K may be any integer between 1 and L). The material
parameters a(y) and b(y) are assumed to vary linearly in each sub-layer and is continuous at the sub-interfaces,
i.e.,aðyÞ ¼ aJ 1þ aJ yh
 
bðyÞ ¼ bJ 1þ bJ
y
h
 
ðhJ1 < y < hJ ; J ¼ 1; 2; . . . ; LÞ ð13ÞwhereaJ ¼ hJaðhJ1Þ  hJ1aðhJ ÞhJ  hJ1
bJ ¼ hJbðhJ1Þ  hJ1bðhJ ÞhJ  hJ1
aJ ¼ ½aðhJ Þ  aðhJ1ÞhhJaðhJ1Þ  hJ1aðhJ Þ
bJ ¼ ½bðhJÞ  bðhJ1ÞhhJaðhJ1Þ  hJ1aðhJ Þ
ð14ÞThe continuous conditions of the displacements and stresses at the interfaces of sub-layers (y = hJ, J = 1,
2, . . . L  1 and J5 k) can be described asryyJ ðx; hJ Þ  ryyJþ1ðx; hJ Þ ¼ 0 rxyJ ðx; hJ Þ  rxyJþ1ðx; hJÞ ¼ 0 ð15Þ
uxJ ðx; hJ Þ  uxJþ1ðx; hJ Þ ¼ 0 uyJ ðx; hJ Þ  uyJþ1ðx; hJ Þ ¼ 0 ð16ÞThe boundary conditions on the crack plane are stated as)( yμ
0μ
hμ
x
y
cc−
h
1
2
0
1h
ν
Fig. 1. Schematic of a FGM strip containing a crack.
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uxKðx; hKÞ  uyKþ1ðx; hKÞ ¼ 0 uyKðx; hKÞ  uyKþ1ðx; hKÞ ¼ 0 jxj > c ð18Þ
rxyKðx; hKÞ  rxyKþ1ðx; hKÞ ¼ 0 ryyKðx; hKÞ  ryyKþ1ðx; hKÞ ¼ 0 jxj > c ð19ÞThe upper and lower surfaces of the strip are free of traction, i.e.ryy0ðx; 0Þ ¼ rxy0ðx; 0Þ ¼ ryyLðx; hÞ ¼ rxyLðx; hÞ ¼ 0 ð20Þ
It is obvious that Eq. (11) is valid for every sub-layer except that a is replaced by aJ and accordingly the
Fourier transforms of displacements and stresses at every sub-layer can be written as~uxJ ðs; yÞ ¼  is a
d2eF J
dy2
þ bs2eF J
 !
~uyJ ðs; yÞ ¼ as2
d3eF J
dy3
þ 1
s2
da
dy
d2eF J
dy2
 ð2aþ bÞ d
eF J
dy
þ db
dy
eF J
~rxxJ ðs; yÞ ¼ d
2eF J
dy2
ðJ ¼ 1; 2; . . . ; LÞ
~ryyJ ðs; yÞ ¼ s2eF J
~rxyJ ðs; yÞ ¼ is d
eF J
dy
ð21ÞwhereeF J ¼ A1J ðsÞf1J ðs; yÞ þ A2JðsÞf2J ðs; yÞ þ A3J ðsÞf3J ðs; yÞ þ A4J ðsÞf4J ðs; yÞ ð22Þ
withf1J ðs; yÞ ¼ exp jsj y þ haJ
  
f 2Jðs; yÞ ¼ exp jsj y þ
h
aJ
  
f3J ðs; yÞ ¼ exp jsj y þ haJ
  
Ei 2jsj y þ h
aJ
  
 exp jsj y þ h
aJ
  
ln jsj y þ h
aJ
  
f4J ðs; yÞ ¼ exp jsj y þ haJ
  
Ei 2jsj y þ h
aJ
  
 exp jsj y þ h
aJ
  
ln jsj y þ h
aJ
   ð23ÞSubstituting Eq. (22) into (21), the Fourier transforms of these displacement and stress components can be
written in a matrix form:RJ ðs; yÞ ¼ QJ ðs; yÞAJðsÞ ðJ ¼ 1; 2; . . . ; LÞ ð24Þ
where AJ ðsÞ ¼ ½A1J ðsÞ;A2J ðsÞ;A3J ðsÞ;A4J ðsÞT ;RJ ðs; yÞ ¼ ½~uxJ ; ~uyJ ; ~rxyJ ; ~ryyJ T, ‘‘’’ indicates the Fourier trans-
form of physical quantities,‘‘T’’ indicates the transposition of a matrix, and the elements of 4 · 4 matrix
QJ(s,y) are given as:Q1lJ ðs; yÞ ¼ 
i
s
a
d2flJ
dy2
þ bs2flJ
 
Q2lJ ðs; yÞ ¼
a
s2
d3flJ
dy3
þ 1
s2
da
dy
d2flJ
dy2
 ð2aþ bÞ dflJ
dy
þ db
dy
flJ
Q3lJ ðs; yÞ ¼ is
dflJ
dy
Q4lJ ðs; yÞ ¼ s2flJ ðl ¼ 1; 2; 3; 4Þ
ð25ÞFrom the boundary conditions given in (20), we haveDQ1ðs; 0ÞA1ðsÞ ¼ 0 DQN ðs; hÞAN ðsÞ ¼ 0 ð26Þ
with
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0 0 0 1
 
The interfacial conditions between neighboring sub-layers in the transformed domain can be obtained asRJþ1ðs; hJ Þ  RJ ðs; hJ Þ ¼ DRKðsÞdKJ ðJ ¼ 1; 2; . . . ; L 1Þ ð27Þ
where dKJ is Kronecker delta, DRK (s) = [Du˜xK(s),Du˜yK(s),0,0]
T with Du˜xK(s) and Du˜yK(s) being the Fourier
transforms of displacement jumps, DuxK and DuyK, across the crack-face.
Eqs. (26) and (27) constitute 4L independent algebraic equations which can be solved to uniquely determine
4L unknown coeﬃcients AiJ (i = 1,2,3,4; J = 1, 2, . . .,L). The obtained results can be written in a matrix formAJ ðsÞ ¼ EJ ðsÞDRKðsÞ ðJ ¼ 1; 2; . . . ; LÞ ð28Þ
where EJ(s) can be analytically or numerically obtained by solving Eqs. (26) and (27).
Substituting Eq. (28) into (24) and conducting the inverse Fourier transform, the stresses and displacements
in Jth sub-layer (hJ1 < y < hJ) can be obtained asfuxJ ; uyJ ; rxyJ ; ryyJgT ¼ 1
2p
Z 1
1
QJ ðs; yÞEJ ðsÞDRKðsÞ expðisxÞds ð29ÞFrom Eq. (17), we have1
2p
Z 1
1
mðs; hKÞfD~uxKðsÞ;D~uyKðsÞgT expðisxÞds ¼ fsðxÞ;rðxÞgT jxj 6 c ð30Þwhere m(s,hK) is a 2 · 2 matrix,mðs; hKÞ ¼ DQJ ðs; hKÞEJ ðsÞC ð31Þ
whereC ¼ 1 0 0 0
0 1 0 0
 T
D ¼ 0 0 1 0
0 0 0 1
 
It can be found that the elements of m(s,hK) have the following relation:mijðs; hKÞ ¼ ð1Þiþjmijðs; hKÞ ð32Þ
Lim
s!1
s1mijðs; hKÞ ¼  dij
4aðhKÞ ð33Þwhere dij is Kronecker delta.
The continuity condition of displacements on the bonded part along the extended crack line (y = 0, |x| > c)
can be written asZ 1
1
fD~uxKðsÞ;D~uyKðsÞgT expðisxÞds ¼ 0 jxj > c ð34ÞIn order to solve the integral equations, (30) and (34), the following dislocation density functions are
introduced,g1ðxÞ ¼
o
ox
ðDuxKÞ g2ðxÞ ¼
o
ox
ðDuyKÞ ð35ÞApplying Fourier transformation with respect to x on both sides of Eq. (35), we haveD~uxKðsÞ ¼
Z c
c
ðisÞ1g1ðxÞ expðisxÞdx D~uyKðsÞ ¼
Z c
c
ðisÞ1g2ðxÞ expðisxÞdx ð36ÞSubstituting Eq. (36) into Eqs. (30) and (34) leads to the following dual integral equations
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c
Mðx;xÞfg1ðxÞ; g2ðxÞgT dx ¼ pfsðxÞ;rðxÞgT jxj 6 c ð37ÞZ c
c
fg1ðxÞ; g2ðxÞgT da ¼ 0 ð38Þwhere kernel M(x,x) is a 2 · 2 matrix,Mðx;xÞ ¼ 1
2pi
Z þ1
1
s1mðs; hKÞ exp½isðx xÞds ð39ÞConsidering (32), (33) and using the relationZ 1
1
sgnðsÞ exp½isðx xÞds ¼ 2i
x x ð40ÞThe elements of M(x,x) can be obtained asMijðx;xÞ ¼ dij
4aðhKÞðx xÞ þ Zijðx;xÞ jxj 6 c ð41ÞwithZijðx; xÞ ¼ 
Z 1
0
s1mijðs; hKÞ þ 1
4aðhKÞ
 
sin½sðx xÞds i ¼ j ð42Þ
Zijðx; xÞ ¼
Z 1
0
ðisÞ1mijðs; hKÞ cos½sðx xÞds i 6¼ j ð43Þwhere Zij(x,x) are square integrable and can be numerically estimated.
From (37) and (41) it is clear that at the crack tips x = ± c the unknown functions, g1(x) and g2(x), and
consequently the stress state would have the conventional square-root singularity, which can be expressed
as (Erdogan and Gupta, 1972):gjðxÞ ¼
/jðxÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðx=cÞ2
q j ¼ 1; 2 ð44Þ
Then Eqs. (37) and (38) can be reduced to the following algebraic equations (Erdogan and Gupta, 1972; Wang
et al., 2004):c
N
XN
n¼1
Mðxr;xnÞf/1ðxnÞ;/2ðxnÞgT ¼ fsðxrÞ;rðxrÞgT ð45Þ
XN
n¼1
f/1ðxnÞ;/2ðxnÞgT ¼ 0 ð46Þwhere xn ¼ c cos p2N ð2n 1Þ, xr ¼ c cos prN , r = 1, 2, . . . ,N  1, and N is the total number of the discrete points
of the unknown functions /1(x) and /2(x) in the interval c < x < c. Eqs. (45) and (46) constitute 2N alge-
braic equations for 2N unknowns /i(xn) (n = 1, 2, . . . ,N; i = 1,2) which can be easily solved. Once these un-
knowns are obtained, values of /i(x) (i = 1,2) in other points can be evaluated by interpolation.
The stress intensity factors (SIFs) at the crack tip are deﬁned asKI ¼ Limx!c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jx cj
p
ryyKðx; hKÞ KII ¼ Limx!c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jx cj
p
rxyKðx; hKÞ ð47Þwhich can be calculated by (Erdogan and Gupta, 1972; Wang et al., 2004)KI ¼ 
1
4aðhKÞ
ﬃﬃ
c
p
/2ðcÞ KII ¼ 
1
4aðhKÞ
ﬃﬃ
c
p
/1ðcÞ ð48ÞThe strain energy release rate is obtained as (Delale and Erdogan, 1988)
Table
Norma
m = 0.3
N
20
30
40
50
60
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As demonstrating examples, we consider a FGM strip with a midline crack (i.e., hk = h/2) of length 2c sub-
jected to a uniform tensile loading r(x) = r0 or shear loading s(x) = s0. The geometry of the problem being
examined is shown in Fig. 1.
Firstly, we study a FGM strip under plane strain deformation, of which the shear modulus varies in an
exponential function form and the Possion’s ratio remains a constant, i.e.,lðyÞ ¼ l0 exp
cy
h
 
m ¼ m0 ð50Þwhich are equivalent toa ¼ 1 m0
2l0
exp  cy
h
 
b ¼ m0
2l0
exp  cy
h
 
ð51Þwhere l0 = l(0), lh = l(h), c = ln(lh/l0). The multi-layered model described in Section 3 is employed to study
this crack problem (see Fig. 2). In order to obtain enough accurate results and to avoid too much CPU time,
we need to choose properly total number of the discrete points (i.e., N in Eqs. (45) and (46)) and the total
number of sub-layers (i.e., L in Eq. (28)). Table 1 shows the normalized SIFs of a midline crack (c/h = 1)
for diﬀerent N under shear loading conditions: r(x) = 0 and s(x) = s0, when l0/lh = 10, m = 0.3 and L = 6.
Table 2 lists the normalized SIFs of a midline crack (c/h = 3) for diﬀerent L under two crack-face loading con-
ditions: (1) r(x) = 0, s (x) = s0, c < x < c and (2) r(x) = r0, s(x) = 0, c < x < c, when l0/lh = 10, m = 0.3
and N = 50. From these two tables, it is observed that suﬃciently accurate results can be obtained when
NP 50 and LP 6. Therefore, in the following calculations we generally choose L = 6 and N = 50.
Fig. 3 depicts variations of the normalized stress intensity factors KI=ðr0
ﬃﬃ
c
p Þ and KII=ðr0
ﬃﬃ
c
p Þ with c/h under
uniform normal loading at the crack-face r (x) = r0 (c < x < c). Fig. 4 depicts variations of the normalized
stress intensity factors KI=ðs0
ﬃﬃ
c
p Þ and KII=ðs0
ﬃﬃ
c
p Þ with c/h under uniform shear loading at the crack-face
s(x) = s0 (c < x < c). In fact, the solution of this crack problem can be directly obtained without sub-layers
division using the method developed by Erdogan and Gupta (1972) for singular integral equations based on1
lized SIFs of a midline crack (c/h = 1) for diﬀerent N under shear loading conditions: r(x) = 0 and s(x) = s0, when l0/lh = 10,
and L = 6
KI=s0
ﬃﬃ
c
p
KII=s0
ﬃﬃ
c
p
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Fig. 2. The multi-layered model for a FGM strip.
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Fig. 3. Variations of the normalized stress intensity factors KI=ðr0
ﬃﬃ
c
p Þ and KII=ðr0
ﬃﬃ
c
p Þ with c/h under uniform normal loading at the
crack-face r(x) = r0 (c < x < c) for diﬀerent multi-layered models: (a) KI=ðr0
ﬃﬃ
c
p Þ and (b) KII=ðr0
ﬃﬃ
c
p Þ.
Table 2
Normalized SIFs of a midline crack (c/h = 3) for diﬀerent L under two crack-face loading conditions: (1) r(x) = 0,s (x) = s0, c < x < c
and (2) r(x) = r0, s (x) = 0, c < x < c, when l0/lh = 10, m = 0.3 and N = 50
L Shear loading Normal loading
KI=s0
ﬃﬃ
c
p
KII=s0
ﬃﬃ
c
p
KI=r0
ﬃﬃ
c
p
KII=r0
ﬃﬃ
c
p
2 0.3046 3.1456 15.1238 1.4056
4 0.2732 3.0625 14.8032 1.3355
6 0.2718 3.0101 14.7047 1.3255
8 0.2717 3.0101 14.7047 1.3255
10 0.2717 3.0101 14.7047 1.2355
Z. Zhong, Z. Cheng / International Journal of Solids and Structures 45 (2008) 3711–3725 3719Eqs. (5), (9) and (10), which is shown in Figs. 3 and 4 (referred to as Exponential model). For comparison, the
corresponding results using piecewise multi-layered model (abbreviated as PWML model, assuming constant
shear modulus for every sub-layer) and linearly multi-layered model (abbreviated as LML model, assuming a
linearly distributed shear modulus for every sub-layer) are also depicted in Figs. 3 and 4. In this special case,
Exponential model can be used as a benchmark result to check the accuracy and eﬃciency of three multi-lay-
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Fig. 4. Variations of the normalized stress intensity factors KI=ðs0 ﬃﬃcp Þ and KII=ðs0 ﬃﬃcp Þ with c/h under uniform shear loading at the crack-
face s(x) = s0 (c < x < c) for diﬀerent multi-layered models: (a) KI=ðs0
ﬃﬃ
c
p Þ and (b) KII=ðs0
ﬃﬃ
c
p Þ.
3720 Z. Zhong, Z. Cheng / International Journal of Solids and Structures 45 (2008) 3711–3725ered models (total number of sub-layers L = 6). It is observed from Figs. 3 and 4 that the results of the present
model and LML model are very close to those of Exponential model, but the results of PWML model deviate
considerately. In fact, in order to get the same accuracy as the present model, PWML model needs much more
sub-layers and more computational eﬀort. Although the obtained results of the present model and those of
LML model are almost the same, the computational eﬃciency of the present model is better than LML model
since the present model used the exponential integration function while LML model employed Whittaker
functions. The main advantage of the present model over LML model is that for the present model both shear
modulus l and Poisson’s ratio m can be arbitrary functions of coordinate y, while for LML model Poisson’s
ratio m should be taken as a constant for plane strain deformation.
The next example will demonstrate the usefulness and versatility of the present model in analyzing fracture
problems of FGMs with arbitrary distributed material properties. Consider a FGM strip containing a midline
crack under plane strain deformation, of which Possion’s ratio remains a constant (m = 0.3) and the shear
modulus distributes in the following forms:(1) lðyÞl0 ¼ 1þ
lh
l0
 1
 
y
h
	 
2
(Parabolic function model)
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Fig. 5. Variations of the shear modulus with coordinate y for diﬀerent material graded models.
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lh
l0
 1Þ sinðpy
2hÞ (Sinusoidal function model)The variations of shear modulus with coordinate y are shown in Fig. 5 for Parabolic function model, Sinu-
soidal function model and Exponential function model (as given in (50)) when l0/lh = 10. It can be seen that
the variation of shear modulus inside the strip is quite diﬀerent from each other for these three models even
though their values at two edges are the same.
The normalized Mode I and Mode II stress intensity factors (SIFs) as well as the normalized energy release
rate (ERA) for diﬀerent material graded models are shown in Fig. 6 for uniform normal loading at the crack-
face r(x) = r0 (c < x < c) and in Fig. 7 for uniform shear loading at the crack-face s(x) = s0 (c < x < c).
The corresponding SIFs and ERA for two homogeneous materials, l(y) = l(0) = l0 (homogeneous material
1) and l (y) = l(h) = lh (homogeneous material 2), are also given in these ﬁgures. The energy release rate is
normalized by G0 ¼ pð1mÞ2lðhK Þ r20c in Fig. 6(c) and G0 ¼
pð1mÞ
2lðhK Þ s
2
0c in Fig. 7(c). Since SIFs for homogeneous materials
do not depend on shear modulus, the curves for homogeneous material 1 and homogeneous material 2 coin-
cide with each other in Figs. 6 and 7 (denoted together as homogeneous material in the ﬁgures). It can be
found from Fig. 6 that Mode I stress intensity factors of functionally graded materials reduces considerably
compared to those of homogeneous materials at the cost of inducing Mode II stress intensity factors. As a
result, a mixed fracture mode should be considered and the energy release rate is a better parameter for eval-
uation of fracture behavior of FGMs. It is interesting to observe from Fig. 6(c) that the energy release rates for
homogeneous material 1 (l(y) = l(0) = l0) and homogeneous material 2 (l(y) = l (h) = lh) constitute the
minimum and the maximum values of the energy release rates for FGMs. Moreover, the diﬀerence of the
energy release rate is not big for diﬀerent material graded models and their values approach to that of homo-
geneous material 1 (l(y) = l(0) = l0). The similar observations can also be made from Fig. 7.
The above observations reveal that (1) fracture toughness of materials can be greatly improved by graded
variation of elastic modulus and (2) the inﬂuence of the speciﬁc form of elastic modulus on the fracture behav-
ior of FGM does exist but is not very big. These conclusions may be helpful to materials scientists in designing
and manufacturing functionally graded materials.5. Concluding remarks
Using Fourier transformation, exact solutions of the governing equation of the plane elasticity problem for
a crack in a functionally graded strip can be obtained for some special variations of material properties. As for
arbitrary variations of material properties, a multi-layered model can be used based on two linear-distributed
material softness parameters. The mixed boundary problem can be reduced to a system of singular integral
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Fig. 6. Variations of the normalized stress intensity factors KI=ðr0 ﬃﬃcp Þ, KII=ðr0 ﬃﬃcp Þ and the normalized energy release rate G=G0
ðG0 ¼ pð1mÞ2lðhK Þ r20cÞ with c/h under uniform normal loading at the crack-face r(x) = r0 (c < x < c) for diﬀerent material graded models: (a)
KI=ðr0
ﬃﬃ
c
p Þ; (b) KII=ðr0
ﬃﬃ
c
p Þ and (c) G/G0.
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Fig. 7. Variations of the normalized stress intensity factors KI=ðs0 ﬃﬃcp Þ, KII=ðs0 ﬃﬃcp Þ and the normalized energy release rate G=G0
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3724 Z. Zhong, Z. Cheng / International Journal of Solids and Structures 45 (2008) 3711–3725equations and solved numerically. Comparing with other two existing multi-layered models, the present model
is more accurate and eﬃcient. Numerical examples demonstrate that fracture toughness of materials can be
greatly improved by graded variation of elastic modulus and the inﬂuence of the speciﬁc form of elastic mod-
ulus on the fracture behavior of FGM is not big.
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Appendix. Derivation of the general solution of Eq. (11)
Introducingt ¼ jsjðy þ h
a
Þ ðA:1Þandd2eF ðtÞ
dt2
 eF ðtÞ ¼ 1
t
~w ðA:2ÞEq. (11) is transformed tod2~w
dt2
 ~w ¼ 0 ðA:3Þwhose solution is given as~w ¼ A3 expðtÞ þ A4 expðtÞ ðA:4Þ
Then from (A.2) we haved2eF
dt2
 eF ¼ 1
t
½A3 expðtÞ þ A4 expðtÞ ðA:5Þwhose general solution is found to beeF ¼ A1 expðtÞ þ A2 expðtÞ þ A3½expðtÞEið2tÞ  expðtÞ lnðtÞ þ A4½expðtÞEið2tÞ  expðtÞ
 lnðtÞ ðA:6Þwhere EiðtÞ ¼  R1t e11 d1 ¼ R t1 e11 d1 is the exponential integration function, and A1, A2, A3, A4 are functions
of s.
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